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Abstract
We study the existence of solutions for the nonlinear elliptic system
−M+
λ,Λ(D
2u) = f1(x, u)+ h1(u, v) in Ω ,
−M+
λ,Λ(D
2v) = f2(x, v)+ h2(u, v) in Ω ,
u > 0, v > 0 in Ω ,
u = v = 0 on ∂Ω ,
where Ω is a bounded domain, f1 is superlinear and f2 is sublinear at zero and infinity, h1 and h2 are perturbation terms. We will
show that the system has at least two semi-trivial solutions (u, 0), (0, v) and a nontrivial solution (u∗, v∗).
c© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction
In this paper, we investigate the existence of solutions for the following nonlinear elliptic system involving the
Pucci operator
−M+
λ,Λ(D
2u) = f1(x, u)+ h1(u, v) in Ω ,
−M+
λ,Λ(D
2v) = f2(x, v)+ h2(u, v) in Ω ,
u > 0, v > 0 in Ω ,
u = v = 0 on ∂Ω ,
(1.1)
where Ω is a bounded domain in RN , fi ∈ C0,αLoc(Ω¯ × R+,R+), hi ∈ C0,αLoc(Ω¯ × R+,R+), 0 < α < 1, i = 1, 2 and
M+
λ,Λ is the extremal Pucci operator with parameter 0 < λ ≤ Λ, defined by
M+
λ,Λ(M) = Λ
∑
ei>0
ei + λ
∑
ei<0
ei
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for any symmetric N × N matrix M , where ei = ei (M), i = 1, . . . , N , denote the eigenvalues of M .
Recently, progress has been made for the problem{M+
λ,Λ(D
2u)+ f (x, u) = 0 in Ω ,
u = 0 in ∂Ω (1.2)
in [3,7,8]. The operators M+
λ,Λ are not in divergence form, existence results were obtained in [7] and [8] by a
topological method based on the degree theory for compact operators in positive cone, see [4,6]. The key ingredient
in the proof of the existence results in [7] and [8], among other things, is to obtain an a priori bound for the set of
solutions. It is well known that an a priori bound can be obtained by the blow up method combining with a Liouville
type theorem. This was done for semilinear elliptic problems in [5]. The arguments were developed in [7] and [8] for
problems involving the extremal Pucci operators. In particular, it is necessary to establish a Liouville type theorem for
the problem{
M+
λ,Λ(D
2u)+ u p = 0 in RN ,
u ≥ 0 in RN . (1.3)
Suppose N ≥ 3 and set p+ := N˜
N˜−2 with N˜ =
λ
Λ (N −1)+1. In [3], Cutri and Leoni obtained the following Liouville
theorem.
Theorem 1.1. If 1 < p ≤ p+ (or 1 < p <∞ if N˜ ≤ 2), then the only viscosity supersolution of (1.3) is u ≡ 0.
This result is sufficient to get an a priori bound for problem (1.2) in a bounded convex domain, see [7]. However, for
the problem in a general bounded domain, to obtain an a priori bound, a Liouville type theorem in the half space is
needed. That is, one needs to show the following problem
M+
λ,Λ(D
2u)+ u p = 0 in RN+
u ≥ 0 in RN+
u = 0 on ∂RN+
(1.4)
possesses only trivial solutions. Suppose N ≥ 3 and set
p˜+ = λ(N − 2)+ Λ
λ(N − 2)− Λ ,
Quass and Sirakov proved in [8] the following result.
Theorem 1.2. Suppose 1 < p ≤ p˜+ or 1 < p <∞ if λ(N − 2) ≤ Λ, then problem (1.4) does not have a nontrivial
non-negative bounded solution.
Note that p˜+ > p+, Theorems 1.1 and 1.2 are sufficient in the establishment of an a priori bound.
In this paper, we consider the existence of multiple solutions for the system (1.1). Define
µ+1 = sup{µ ∈ R : ∃ϕ ∈ W 2,Nloc (Ω) ∩ C(Ω¯) such that ϕ > 0 andM+λ,Λ(D2ϕ)+ µϕ ≤ 0 in Ω},
We suppose in this paper that
(H1) lim supu→0+ maxx∈Ω¯
f1(x,u)
u < µ
+
1 < lim infu→+∞minx∈Ω¯
f1(x,u)
u ; there exist p ∈ (1, p+], a constant c∗ > 0
such that lims→+∞ f1(x,u)u p = c∗ uniformly for x ∈ Ω¯ .
(H2) lim infv→0+ minx∈Ω¯
f2(x,v)
v
> µ+1 > lim supv→+∞maxx∈Ω¯
f2(x,v)
v
and f2(x, 0) = 0.
(H3) hi (u, 0) = hi (0, v) = 0, limu→+∞ h1(u,v)u p = 0 uniformly for v ∈ R+, where p is defined in (H1).
(H4) limu→0+ h1(u,v)u = 0 uniformly with respect to v ∈ R+.
(H5) limv→+∞ h2(u,v)v = 0 uniformly with respect to u ∈ R+.
Our main result is
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Theorem 1.3. Suppose (H1)–(H5), then problem (1.1) has at least two semi-trivial solutions (u, 0), (0, v) and a
nontrivial solution (u∗, v∗).
We will prove Theorem 1.3 by a topological method as in [4,6]. Although semi-trivial solutions (u, 0) and (0, v)
can be obtained as a single equation, we need to compute explicitly related fixed point indices of them in order to
obtain nontrivial solutions of problem (1.1).
Remark 1.4. Similar results can be obtained for M−
λ,Λ in the same way.
The paper is organized as follows. In Section 2, we give some preliminaries on fixed point index and some useful
lemmas. In Section 3, we prove Theorem 1.1.
2. Preliminaries
Let X be a Banach space and P ⊂ X be a closed convex cone. Assume that W is a bounded open subset of X with
boundary ∂W , and let A : P ∩ W¯ → P be a completely continuous operator. If Au 6= u for u ∈ P ∩ ∂W , then the
fixed point index i(A, P ∩ W, P) is well defined. The fact i(A, P ∩ W, P) 6= 0 implies that A has at least one fixed
point in P ∩W .
Lemma 2.1 ([4,6]). Let E be a Banach space and K ⊂ E be a closed convex cone in E, denote Kr := {u ∈ K :
‖u‖ < r} and ∂Kr := {u ∈ K : ‖u‖ = r} with r > 0. Let T : K¯r → K be a compact mapping and 0 < ρ ≤ r .
(i) If T x 6= t x for all x ∈ ∂Kρ and all t ≥ 1, then i(T, Kρ, K ) = 1.
(ii) If there exists a compact mapping H : K¯ρ × [0,∞)→ K such that
(a) H(x, 0) = T x for all x ∈ ∂Kρ ,
(b) H(t, x) 6= x for all x ∈ ∂Kρ and all t ≥ 0.
(c) There exists a t0 > 0, such that H(t, x) = x has no solution x ∈ K¯ρ for all t ≥ t0.
Then i(T, Kρ, K ) = 0.
Lemma 2.2 ([2]). Let E be a Banach space and let Ki ⊂ E, i = 1, 2, be a closed convex cone in E. For ri > 0,
denote Kri = {u ∈ Ki : ‖u‖ < ri }, ∂Kri = {u ∈ Ki : ‖u‖ = ri }, i=1,2. Suppose Ai : Ki → Ki , i = 1, 2 is
completely continuous. If ui 6= Aiui for all u ∈ ∂Kri , i = 1, 2, then
i(A, Kr1 × Kr2 , K1 × K2) = i(A1, Kr1 , K1) · i(A2, Kr2 , K2),
where A(u, v) := (A1u, A2u) for (u, v) ∈ K1 × K2.
It is considered in [1] the following eigenvalue problem of the extremal Pucci operator
M+
λ,Λ(D
2u)+ µu = 0 in Ω ,
u > 0 in Ω ,
u = 0 on ∂Ω .
(2.1)
Lemma 2.3 ([1]). There exists a function ϕ+1 ∈ C2(Ω) ∩ C(Ω¯) such that the couple (µ+1 , ϕ+1 ) is a solution of (2.1).
In addition, any couple (µ, u) which satisfies (2.1) is of the form (µ+1 , kϕ
+
1 ) for some k > 0.
It was also proved in [1] the maximum principle for the Pucci operator, that is
Lemma 2.4. The operator M+
λ,Λ(D
2·) + µ satisfies the maximum principle for µ < µ+1 , in the sense that if
u ∈ W 2,Nloc ∩ C(Ω¯) is a solution of{M+
λ,Λ(D
2u)+ µu ≥ 0 in Ω ,
u ≤ 0 on ∂Ω
for some µ < µ+1 , then u ≤ 0 in Ω .
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3. Proof of Theorem 1.1
In this section, we prove our main result. We first show the existence of semi-trivial solutions of (1.1) and compute
explicitly related fixed point indices, then we show the existence of nontrivial solutions of (1.1).
Let E := {u ∈ C(Ω¯) : u = 0 on ∂Ω} and K := {u ∈ E : u(x) ≥ 0,∀x ∈ Ω¯}. It is well known that K is a positive
cone in E with nonempty interior. Define S : C(Ω¯)→ C(Ω¯) the solution operator of the problem{−M+
λ,Λ(D
2u) = ψ in Ω ,
u = 0 on ∂Ω ,
where ψ ∈ C(Ω¯). It is well known that S is a compact operator, see for instance the proof of Proposition 2.2 in [7].
For λ ∈ [0, 1] and u, v ∈ K , we define the mapping Av(λ, u), Bu(λ, v) : K → K and Tλ(u, v) : K ×K → K ×K
by
Av(λ, u) = S[ f1(x, u)+ λh1(u, v)], Bu(λ, v) = S[ f2(x, v)+ λh2(u, v)]
and
Tλ(u, v) = (Av(λ, u), Bu(λ, v)).
The mappings Av(λ, u), Bu(λ, v) and Tλ(u, v) are compact.
Proposition 3.1. There are r0 > 0 and R0 > 0 such that i(Av(0, ·), Kr0 , K ) = 1, and i(Av(0, ·), KR0 , K ) = 0. In
particular, i(Av(0, ·), KR0 \ K¯r0 , K ) = −1, i.e. Av(0, ·) has a fixed point in KR0 \ K¯r0 .
Proof. We first show that there exists a r0 > 0 such that Av(0, u) 6= tu for all t ≥ 1 and u ∈ ∂Kr0 . Lemma 2.1 then
implies i(Av(0, ·), Kr0 , K ) = 1. Indeed, by (H1), there exist ε ∈ (0, µ+1 ) and r0 > 0 such that f1(x, u) ≤ (µ+1 − ε)u
for all u ∈ [0, r0]. Suppose on the contrary that there exist t0 ≥ 1 and u0 ∈ ∂Kr0 such that Av(0, u0) = t0u0,
then
−M+
λ,Λ(D
2u0) = t−10 f1(x, u0) ≤ (µ+1 − ε)u0,
this contradicts the maximum principle in Lemma 2.4.
Next, we show that there exists R0 > r0 such that i(Av(0, ·), KR, K ) = 0 for all R ∈ [R0,∞). By Lemma 2.1, it
is sufficient to verify the condition (ii) in Lemma 2.1.
We define H(u, t) := S[ f1(x, u + t)]. Obviously, it satisfies (a) in condition (ii). By (H1), there exist ε > 0 and
T > 0 such that if t ≥ T , then f1(x, t) ≥ (µ+1 + ε)t . If u is a solution of the problem u = S[ f1(x, u + t)] in K , we
have
−M+
λ,Λ(D
2u) = f1(x, u + t) ≥ (µ+1 + ε)(u + t).
By the definition of µ+1 , we know that u + t = 0, that is u = 0 and t = 0, a contradiction. This proves (c) and (b) for
t ≥ T in Lemma 2.1.
By Proposition 4.3 of [8], ‖u‖∞ ≤ C for 1 ≤ t ≤ T . Thus for R ≥ R0 = max{r0,C} + 1, we have H(t, u) 6= u
for all u ∈ ∂KR and t ∈ [0, T ]. This is (b) in Lemma 2.1.
The result follows from Lemma 2.1. 
Proposition 3.2. There are r1 > 0 and R1 > r1 such that i(Bu(0, ·), Kr1 , K ) = 0 and i(Bu(0, ·), KR1 , K ) = 1. In
particular, i(Bu(0, ·), KR1 \ K¯r1 , K ) = 1, i.e. Bu(0, ·) has a fixed point in KR1 \ K¯r1 .
Proof. First, we show that there exists r1 > 0 such that i(Bu(0, ·), Kr1 , K ) = 0. Indeed, by (H2), there exist ε > 0
and r1 > 0 such that f2(x, v) ≥ (µ+1 + ε)v for ‖v‖ ≤ r1. Let
F(v, t)(x) = S[ f2(x, v(x))+ tϕ+1 ].
If F(v, t) = v, then −M+
λ,Λ(D
2v) = f2(x, v)+ tϕ+1 . For ‖v‖ ≤ r1, we have
−M+
λ,Λ(D
2v) ≥ (µ+1 + ε)v + tϕ+1 ≥ (µ+1 + ε)v > 0,
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by the strong maximum principle, see Lemma 2.2 in [8], we have either v ≡ 0 or v > 0 in Ω . If v > 0, it is a
contradiction to the definition of µ+1 ; if v ≡ 0, then t = 0. So Lemma 2.1 implies the result.
Next, we prove that there exists R1 > 0 such that if v = βS[ f2(x, v)] for β ∈ [0, 1], then ‖v‖ ≤ R1. In fact, If it
is not the case, then there exist sequences βn ∈ [0, 1] and vn ∈ K , such that ‖vn‖ → ∞ and
−M+
λ,Λ(D
2vn) = βn f2(x, vn).
We assume βn → β and set wn = vn‖vn‖ , then
−M+
λ,Λ(D
2wn) = βn f2(x, vn)‖vn‖ = βn
f2(x, vn)
vn
wn .
Let gn(x) = βn f2(x,vn)‖vn‖ . By (H2), there is a K0 > 0 such that
| gn(x) |≤ βn(µ+1 − ε)+
K0βn
‖vn‖ ,
so gn(x) is bounded.
By Theorems 2.3 and 2.4 in [8], wn converges uniformly on compact subsets of Ω to a function w such that
‖w‖ = 1, and
−M+
λ,Λ(D
2wn) ≤ βn(µ+1 − ε)wn +
K0βn
‖vn‖
implying
−M+
λ,Λ(D
2w) ≤ (µ+1 − ε)w.
This contradicts Lemma 2.4. The proof is complete. 
Proposition 3.3. There exist r¯0 ∈ (0, r0], R¯0 ∈ [R0,∞), r¯1 ∈ (0, r1] and R¯1 ∈ [R1,∞), such that i(T1, (K R¯0 \ K¯r¯0)×
(K R¯1 \ K¯r¯1), K×K ) = −1. In particular, problem (1.1) has a nontrivial solution (u∗, v∗) ∈ (K R¯0 \ K¯r¯0)×(K R¯1 \ K¯r¯1)
Proof. It is sufficient to prove that there exist r¯0 ∈ (0, r0], R¯0 ∈ [R0,∞), r¯1 ∈ (0, r1] and R¯1 ∈ [R1,∞) such that
i(T1, (K R¯0 \ K¯r¯0) × (K R¯1 \ K¯r¯1), K × K ) = i(T0, (K R¯0 \ K¯r¯0) × (K R¯1 \ K¯r¯1), K × K ). In fact, if this is true, by
Lemma 2.2, we have
i(T1, (K R¯0 \ K¯r¯0)× (K R¯1 \ K¯r¯1), K × K ) = i(T0, (K R¯0 \ K¯r¯0)× (K R¯1 \ K¯r¯1), K × K )
= i(T0, (K R¯0 \ K¯r¯0), K )i(T0, K R¯1 \ K¯r¯1 , K ) = −1.
By the homotopic invariance of fixed point index, we only need to prove that
(u, v) 6= Tλ(u, v), ∀λ ∈ [0, 1] and (u, v) ∈ ∂[(K R¯0 \ K¯r¯0)× (K R¯1 \ K¯r¯1)].
By (H1) and (H4), there exist ε ∈ (0, µ+12 ) and r¯0 ∈ (0, r0], such that
f1(x, u) ≤ (µ+1 − 2ε)u for x ∈ Ω¯ , 0 ≤ u ≤ r¯0
and
h1(u, v) ≤ εu for v ∈ R+, 0 ≤ u ≤ r¯0.
We show now that (u, v) 6= Tλ(u, v) for λ ∈ [0, 1] and (u, v) ∈ ∂Kr¯0 × K . In fact, if this is not the case, there would
exist λ0 ∈ [0, 1] and (u0, v0) ∈ ∂Kr¯0 × K , such that (u0, v0) = Tλ0(u0, v0), that is
−M+
λ,Λ(D
2u0) = f1(x, u0)+ λ0h1(u0, v0) ≤ (µ+1 − ε)u0.
This contradicts the maximum principle in Lemma 2.4.
Next, we show that if Av(λ, u) = u, Bu(λ, v) = v, then u is bounded. Indeed, if it is not true, there would exist
sequences un , vn and λn ∈ [0, 1] such that ‖un‖ → ∞ and
−M+
λ,Λ(D
2un) = f1(x, un)+ λnh1(u, v).
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Let
wn(x) = 1Mn un(xn + M
1−p
2
n x),
where un(xn) = Mn = maxΩ¯ un , then wn satisfies
−M+
λ,Λ(D
2wn) = f1(x, un)+ λnh1(un, vn)
M pn
in Ωn := M
p−1
2
n (Ω − xn)
with ‖wn‖ = 1. By Theorems 2.3 and 2.4 in [8], we may assume wn converges uniformly to w in compact sets of RN
or RN+ . By assumptions (H1) and (H3),
f1(x,un)+λnh1(un ,vn)
M pn
→ C∗w p. So w is either a non-negative classical solution
of
M+
λ,Λ(D
2w)+ C∗w p = 0 in RN ,
or a classical non-negative solution of{
M+
λ,Λ(D
2w)+ C∗w p = 0 in RN+
w = 0 on ∂RN+
(3.1)
with p ≤ p+. This contradicts Theorems 1.1 and 1.2. So we have (u, v) 6= Tλ(u, v) for λ ∈ [0, 1] and
(u, v) ∈ ∂K R¯0 × K for some R¯0 ∈ [R0,+∞).
By (H2), there exist ε > 0 and r¯1 ∈ (0, r1] such that f2(x, v) ≥ (µ+1 + ε)v for x ∈ Ω¯ and 0 ≤ v ≤ r¯1. If
(u, v) = Tλ(u, v) for (u, v) ∈ K × ∂Kr¯1 , then
−M+
λ,Λ(D
2v) = f2(x, v)+ λh2(u, v) ≥ (µ+1 + ε)v.
This contradicts the definition of µ+1 . So (u, v) 6= Tλ(u, v) for (u, v) ∈ K × ∂Kr¯1
Finally, by (H2), there exist ε > 0 and R∗ > R1 such that
f2(x, v) ≤ (µ+1 − 2ε)v, for x ∈ Ω¯ , v ≥ R∗,
and
h2(u, v) ≤ εv for u ∈ R+, v ≥ R∗.
The two inequalities imply
f2(x, v)+ λh2(u, v) ≤ (µ+1 − ε)v for x ∈ Ω¯ , v ≥ R∗, u ∈ R+.
If (u, v) = Tλ(u, v), then ‖v‖C(Ω¯) ≤ R∗∗ for some R∗∗ > 0. Indeed, were it not true, there would exist un, vn and λn
such that ‖vn‖C(Ω¯) →∞ and
M+
λ,Λ(D
2vn) = f2(x, vn)+ λnh2(un, vn).
Let wn = vn‖vn‖∞ . Then as before, we see that wn converges uniformly in Ω¯ to a positive function w with ‖w‖∞ = 1,
and from
M+
λ,Λ(D
2wn) ≤ (µ+1 − )wn + λn
h2(un, vn)
‖vn‖ ,
we obtain
M+
λ,Λ(D
2w) ≤ (µ+1 − )w.
This contradicts Lemma 2.4.
Choose R¯1 = max{R∗∗ + 1, R1}, then we have (u, v) 6= Tλ(u, v) for (u, v) ∈ K × ∂K R¯1 . The proof is complete.

Proof of Theorem 1.1. Propositions 3.1–3.3 imply Theorem 1.1. 
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